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Non-Heisenberg magnetism in a quaternary spin-gapless semiconductor 
Abstract 
Understanding of spin-gapless semiconductors with fully spin-polarized charge carriers is critically 
important because of their promise for spintronic applications. Here, we report non-collinear spin 
structures, magnetic ground state, and effective exchange interactions of the spin-gapless semiconductor 
CoFeCrAl investigated with noncollinear density functional calculations. The ground state of CoFeCrAl is 
ferrimagnetic and has a spin configuration with ↓ Fe, ↑ Co and ↑ Cr spins. In our constrained 
calculations, the magnetizations of the Fe, Co, and Cr sublattices are rotated by various angles θ, which 
give rise to three sets of noncollinear spin structures. For all three elements, the magnetic energy 
increases with the angle, which reconfirms the ferrimagnetic spin structure. During rotation, the 
magnitudes of the Co and Cr spins remain almost unchanged, whereas that of Fe strongly decreases as a 
function of the angle θ. This indicates that the finite-temperature behavior of CoFeCrAl is characterized by 
a pronounced non-Heisenberg behavior of the ↓ Fe moments, whereas the ↑ Co and ↑ Cr moments are 
Heisenberg-like. We discuss how this feature affects the finite-temperature behavior of the alloy beyond 
the commonly considered intersublattice Heisenberg exchange. 
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Understanding of spin-gapless semiconductors with fully spin-polarized charge carriers is 
critically important because of their promise for spintronic applications. Here, we report non-
collinear spin structures, magnetic ground state, and effective exchange interactions of the spin-
gapless semiconductor CoFeCrAl investigated with noncollinear density functional calculations. 
The ground state of CoFeCrAl is ferrimagnetic and has a spin configuration with ↓ Fe, ↑ Co and ↑ 
Cr spins. In our constrained calculations, the magnetizations of the Fe, Co, and Cr sublattices are 
rotated by various angles , which give rise to three sets of noncollinear spin structures. For all 
three elements, the magnetic energy increases with the angle, which reconfirms the ferrimagnetic 
spin structure. During rotation, the magnitudes of the Co and Cr spins remain almost unchanged, 
whereas that of Fe strongly decreases as a function of the angle . This indicates that the finite-
temperature behavior of CoFeCrAl is characterized by a pronounced non-Heisenberg behavior of 
the ↓ Fe moments, whereas the ↑ Co and ↑ Cr moments are Heisenberg-like. We discuss how this 
feature affects the finite-temperature behavior of the alloy beyond the commonly considered 
intersublattice Heisenberg exchange. 
Keywords: Spin-gapless semiconductor, constrained spins, atomic moment, and exchange-     





 A new class of materials called spin gapless semiconductors (SGS) [1–3] exhibits an open 
band gap for one spin channel and a closed one for the other, resulting in unique half-metallic and 
semiconducting properties simultaneously. These materials may provide an effective bridge 
between semiconducting and half-metallic ferromagnets [4]. These materials fall under the class 
of Heusler compounds, which include magnetically ordered materials exclusively composed of 
elements with zero magnetization, have fascinated scientists for more than a century [5]. Heusler's 
original work includes alloys such as Mn-Bi [5], but soon afterward it became clear that the 
archetypal Heusler compounds were of the cubic Heusler (L21), semi-Heusler, or inverted-cubic 
Heusler types. Recently, more complicated Heusler-type structures, such as tetragonal and 
quaternary Heuslers, have attracted much attention in spin electronics, especially in the context of 
half-metallic ferromagnetism and spin-gapless semiconductivity. One example is the Y-ordered 
quaternary compound CoFeCrAl (prototype LiMgPdSn, space group F43̄m), which was predicted 
by Özdoğan et al. [6] to be a spin-gapless semiconductor (SGS). Such materials are of interest in 
spin electronics, due to high carrier mobility, voltage-tunable spin polarization, and switchability 
between n- and p-type conduction mechanisms. Recently, a phase of this type was shown to exist 
experimentally, albeit with the substantial disorder and possibly having the L21 rather than Y 
structure[7,8]. 
 The spin structure of the quaternary SGS is only partially understood. The alloys contain 
several magnetic sublattices, a situation also encountered in many other Heusler alloys. They can 
be considered as ferrimagnets in lowest order [6,9,10], although noncollinear spin structures are 
not uncommon in Heuslers [11–13]. Experiment (Fig. 3 in Ref. 3) reveals inflections in the 
temperature dependence of the magnetization that typical for many-sublattice magnets. The 
corresponding mechanism is well-understood for localized Heisenberg moments [14,15], 
exemplified by the well-known M(T) behavior of garnets [16]. However, it is by no means clear 
that the involved atomic spins are of the Heisenberg type. First, Heusler alloys are essentially 
itinerant magnets, that is, the low-temperature 3d moments are delocalized throughout the crystal, 
as contrasted for example to the localized character of rare-earth 4f moments. At finite 
temperatures, the itinerant 3d moments acquire some localized character due to thermal 
randomization and become more Heisenberg-like[17]. Even at zero temperature, the magnetic-
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moment density is quasi-localized for some atoms, that is, narrowly centered around the nucleus 
[9]. 
 A second point and the main focus of this paper is that the Heisenberg model requires 
atomic moments to remain constant during spin rotation. In the classical limit, this is easily 
achieved by normalizing the vector S2 = 1, whereas the corresponding quantum-mechanical 
expression is Ŝ2 = S(S + 1). This condition is reasonably well satisfied in a number of itinerant 
magnets, such as Co, but not met at all in very weak itinerant ferromagnets (VWIF), such as ZrZn2 
[18–20]. Any attempt to rotate an atomic spin in a VWIF leads to the collapse of the magnetic 
moment, that is, to S2 ≈ 0, at some misalignment angle. Furthermore, S and Ŝ2 = S(S + 1) are not 
very well-defined in itinerant magnets, due to quantum fluctuations associated with the hopping 
of correlated 3d electrons between atoms [21]. Density functional theory is a much better starting 
point for itinerant magnets, where electron correlations are weak. 
 In this paper, we show that the magnetism of CoFeCrAl is intermediate between 
Heisenberg ferromagnetism and very weak itinerant ferromagnetism. We use constrained density 
functional theory to fix the atomic moments in various directions, calculate the atomic moments 
as a function of the magnetization angle between neighboring atoms, and determine the effective 
interatomic exchange 𝒥ij. The exchange is obtained by fitting the DFT predictions to the angular 
dependence of the classical Heisenberg model, 𝒥ij cos (i – j). One consequence of this unique 
mechanism is the reduction of the ordering temperature compared to the Heisenberg prediction.   
II. COMPUTATIONAL METHOD 
 The collinear calculations are performed using density functional theory (DFT) [22] and 
the noncollinear spin orientations of CoFeCrAl are investigated using constrained DFT 
calculations[23,24]. All the calculations are based on the projector augmented wave (PAW)[25] 
implemented in the Vienna ab-initio simulation package (VASP) [26,27], and a generalized 
gradient approximation (GGA) has been used for the exchange and correlation functional [28]. To 
check the accuracy of our method, we performed density of states (DOS) and magnetic-moment 
calculations for CoFeCrAl, discussed in our earlier work [10], which agree with previous 
experimental and theoretical results [29,30]. Experimental lattice parameters for CoFeCrAl i.e. 
a = b = c = 5.75 Å [5] were used to relax the structures. Relaxed parameters are a = b = c = 5.69 
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Å. The convergence scale for the self-consistent calculations is fixed to 10-7 eV for the total energy 
per unit cell. The Brillion zone integration uses a 17 × 17 × 17 Monkhorst k-point grid [31] for 
self-consistent calculations and a 13 × 13 × 13 Monkhorst k-point grid for the constrained non-
collinear calculations. For the electron wave functions, we have used an energy cutoff of 350 eV. 
These grids and energy cutoff are sufficiently large to ensure high accuracy. The considered Y-
ordered CoFeCrAl structure has Co, Fe, Cr and Al on the Wyckoff positions 4a (0, 0, 0), 4b (½, 
½, ½), 4c (¼, ¼, ¼) and 4d (¾, ¾, ¾) respectively.  
III. RESULTS AND DISCUSSION 
 We first performed collinear calculations to check the basic spin structure, already 
discussed in our previous report [10]. The magnetic properties of SGS CoFeCrAl and DOS confirm 
that the compound has ferrimagnetic spin-gapless semiconductor behavior. SGS CoFeCrAl has a 
magnetic moment of 2.018 µB per f.u. and minority band gap is 0.33 eV. The total moment is in 
good agreement with the experimental value [7,29] of ~2 µB per f.u. Fig. 1 shows the configuration 
with the lowest energy, namely a ferrimagnetic structure with moments where the spin directions 
are Cr↑, Co↑, and Fe↓ and the DOS of CoFeCrAl. The unit cell contains 4 formula units (16 atoms). 
Four different starting configurations have been used in the calculation, covering all possible ferro- 
and antiferromagnetic intersublattice alignments and all configurations converge to the 
ferrimagnetic structure of Fig. 1(a). The moments per Cr, Co, and Fe atom are 1.66 µB, 0.94 µB, 
and -0.56 µB, respectively in the good agreement with previous predicted moment values [29] i.e. 
mCr = 1.78 µB, mCo = 0.94 µB and mFe = -0.63 µB. 
 
Fig.1. (a) A unit cell of CoFeCrAl, the arrows indicating the stable ferrimagnetic spin 
configuration. The atoms are Fe (brown), Co (blue), Cr (pink), and Al (cyan). (b) Total 
densities of states for CoFeCrAl. 
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A. Constrained non-collinear calculations 
 Non-collinear calculations were performed by constraining the atomic spins at an angle θ. 
Schematic Fig. 2 shows the constrained spin structures considered in this paper. Three different 
spin configurations were considered. Spin structures I, II and III have Fe (a), Co (b) and Cr (c) 
spin rotated with respect to the stable spin structure at angles of θ = 15º, 30º, 45º, 60º. The total 
energy per unit cell and atomic moments were obtained as a function of θ. In all cases, the energy 
increases with rotation angle while the moment decreases. Fig. 3 shows the energy change due to 
rotation; the energy zero corresponds to the ferrimagnetic ground-state spin configuration of Fig. 
1. The energy differences of Fig. 3 confirm the ground-state spin configuration is ferrimagnetic. 
 
Fig. 2.  Schematic constrained non-collinear spin configurations in CoFeCrAl: (a) all Fe spins are 
rotated at an angle θ (b) all Co spins are rotated at an angle θ (c) all Cr spins are rotated at 




Fig. 3.  Energy per unit cell as a function of the Fe, Co, and Cr rotation angles. The energy zero 
corresponds to the ferrimagnetic ground state of Fig. 1. 
Since cos(i – j) and j = 0 in the present calculations, the Heisenberg model corresponds 
to a cosine-like dependence E(). Fig. 3 shows that this dependence is approximately realized for 
Cr and Co, but that of Fe is almost linear. The non-Heisenberg behavior of the Fe sublattice 
indicates that the Heisenberg condition S2 = const. is violated for the Fe atoms. 
Fig. 4 shows the angular dependence of the atomic moments of Fe, Co, and Cr in the 
constrained spin structures. All moments decrease with the angle, but for Co and Cr, the decrease 
from 0º to 60º is only about 10%, whereas the decrease for Fe is approximately 70%. This indicates 
a pronounced non-Heisenberg behavior of the Fe moments, in contrast to the almost Heisenberg-
like Co and Cr moments. The strongly reduced Fe moment lowers the energy compared to the 




Fig. 4.  Angular dependence of the atomic moments of  Fe, Co, and Cr. The curves correspond to 
the noncollinear structures of Fig. 2 (a-c). 
B. Exchange interactions 
 So far, non-collinear calculations for the finite-temperature behavior of CoFeCrAl has not 
been studied. The energies and moments of Figs. 3 and 4, respectively, strongly affect the Curie 
temperature, generally reducing Tc. An extreme case is very weak-itinerant ferromagnetic, where 
the energy associated with moment formation is more important than the energy associated with 
spin rotations [18–21,32]. The effect can be described approximately by introducing effective 
intersublattice exchange constants 𝒥*ij that corresponds to the Hamiltonian 
𝒥eff = – ij 𝒥*ij µi·µj                                                          (1)                           
Here µi is the unit vector along the direction of magnetic moment at site i. Since the magnitude of 
µi is fixed, non-Heisenberg effects are mapped onto a reduction of 𝒥*ij , which results in a reduced 
Curie temperature Tc. 
 The energies obtained in our DFT calculations correspond to summations of the type 𝒥eff(i) 
= j 𝒥*ij. Table I lists 𝒥eff for Fe, Cr, and Co as a function of angle. The calculation for the rotating 
angle of 450 for Co-spin was highly unstable. This gives rise to a false local-minima. The self-
consistent solution of multisublattice interaction problem, that is, finding M(T) and Tc from the 
𝒥*ij, is highly nontrivial, even on a mean-field level. In addition to the mean-field equations being 
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nonlinear [5], the 𝒥*ij exhibit a temperature dependence through the angles  of the thermally 
fluctuating spins. 
Table I. Effective exchange-interaction constants, 𝒥eff for Fe, Co and Cr in the constrained 




Fe Co Cr 
15º 94.5 96.5 147.8 
30º 74.2 136.2 87.4 
45º 55.0 - 124.2 
60º 41.3 80.4 111.2 
 
 Experimentally, the intersublattice interactions manifest themselves as bumps, inflections, 
and zeros in the (T) curves [14,15]. Such deviations from simple ferromagnetism are visible in 
the experimental M(T) curves [7], and both Heisenberg and non-Heisenberg interactions contribute 
to these features. However, quantitative comparison with experiment is difficult, because the M(T) 
curves depend on the chemical disorder which is affected by heat treatment, whereas Eq. (1) 
assumes a perfect lattice. 
IV. CONCLUSIONS 
 In summary, we have analyzed how non-Heisenberg interactions affect the spin structure 
of the quaternary Heusler compound CoFeCrAl, a spin-gapless semiconductor having a ferri-
magnetic ground state. Constrained noncollinear DFT calculations have been used to calculate the 
magnetic energies and atomic moments as a function of the misalignment angle. The Co and Cr 
spins are Heisenberg-like, whereas the Fe moment strongly decreases with increasing angle. Our 
analysis goes beyond the conventional analysis of ferrimagnets in terms of Heisenberg-type 
intersublattice interactions and corresponds to a Curie-temperature reduction due to the fluctuating 
Fe moments. 
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